Abstract. In this survey, we give an overview of Brieskorn manifolds and varieties, and their role in contact topology. We discuss open books, fillings and invariants such as contact and symplectic homology. We also present some new results involving exotic contact structures, invariants and orderability.
A brief historical overview and introduction
Brieskorn varieties are affine varieties of the form V ε (a 0 , . . . , a n ) = {(z 0 , . . . , z n ) ∈ C n+1 | n j=0 z aj j = ε}, and are a natural generalization of Fermat varieties. They became popular after it was observed by Hirzebruch that links of singular Brieskorn varieties at 0, meaning sets of the form Σ(a 0 , . . . , a n ) = {(z 0 , . . . , z n ) ∈ C n+1 | n j=0 |z j | 2 = 1 and n j=0 z aj j = 0}, can sometimes be homeomorphic, but not diffeomorphic to spheres. Some essential ingredients for the necessary computations were done by Pham, [P] , and a rather complete picture was worked out by Brieskorn, [Br] . The above links Σ(a 0 , . . . , a n ) are now known as Brieskorn manifolds. In contact geometry, Brieskorn manifolds were first recognized as contact manifolds by AbeErbacher, Lutz-Meckert and Sasaki-Hsu around 1975-1976 , [AE, LM, Sa] . In particular, their work showed that at least some exotic spheres admit contact structures. Around the same time, Thomas [T] also used Brieskorn manifolds to establish existence results for contact structures on simplyconnected 5-manifolds. With hindsight, the role of Brieskorn manifolds in early constructions of contact 5-manifolds can be clarified; a classification result for simply-connected 5-manifolds by Smale, [Sm] , combined with a homology computation, see Section 3.4, shows that every simplyconnected spin 5-manifold is actually the connected sum of Brieskorn manifolds.
Since Brieskorn manifolds also include many spheres with the standard smooth structure, these manifolds can be used to show that there are non-standard contact structures on S 2n−1 following Eliashberg, [E] . The main ingredient is a result of Gromov-Eliashberg-McDuff stating that aspherical symplectic fillings for the standard contact sphere (S 2n−1 , ξ 0 ) are diffeomorphic to D 2n . Smooth Brieskorn varieties, natural symplectic fillings for Brieskorn manifolds, are symplectically aspherical, but typically have a lot of homology. Hence the contact structure on the boundary, a Brieskorn manifold, is non-standard provided none of the exponents equals 1.
Later on, Ustilovsky, [U1] , showed that there are infinitely many non-isomorphic contact structures on S 4n+1 with the same formal homotopy class of almost contact structures as the standard contact sphere.
Because Brieskorn manifolds have a rich and rather understandable structure, they are still of interest, and in this note we will highlight some of their more recent applications to contact and symplectic topology, including some new results on orderability and exotic contact structures.
1.1. Exotic contact structures and applications to contact topology. In this survey, we will start by describing classical results concerning homology and exotic spheres, and apply these results to obtain some symplectic invariants of Brieskorn varieties, namely symplectic homology. These invariants are in some cases invariants of the contact structure on the boundary, the Brieskorn manifold, and we will use this to describe a multitude of exotic contact structures on various kinds of manifolds.
To state the first result, we briefly recall the definition of the mean Euler characteristic of the +-part of equivariant symplectic homology of a Liouville manifold (W, dλ),
This number is not always defined, and contains less information than the homology itself. Also, by definition the mean Euler characteristic depends on the Liouville filling, and not only on the contact type boundary. In Lemma 5.14 we will give sufficient conditions that guarantee that the mean Euler characteristic is an invariant of the contact structure on the boundary. Unfortunately, these conditions are not preserved under the connected sum operation. However, the mean Euler characteristic still distinguishes contact manifolds such as the Ustilovsky spheres, [U1] , a special class of Brieskorn manifolds that are diffeomorphic to standard spheres.
On the other hand, if the transversality issues of cylindrical/linearized contact homology are resolved, then one should be able to show that the mean Euler characteristic is an invariant of the contact structure under a much less restrictive set of assumptions.
In view of this, consider Cont nice (S 5 ), the monoid of contact structures on S 5 that are Liouville fillable and for which the mean Euler characteristic is defined. The (boundary) connected sum is the monoid operation. Then Theorem 1.1. Given any rational number x, there is a Stein fillable contact structure ξ x on S 5 whose mean Euler characteristic equals χ m (W x , ω x ) = x. Furthermore, the map χ m : (Cont nice (S 5 ), #) −→ (Q, +)
is a surjective monoid homomorphism.
This theorem is proved by computing this invariant for Brieskorn manifolds and using a simple connected sum formula. We have several other results about exotic contact structures and invariants, but due to their more technical nature we will refer to Sections 5.5, 5.7, 5.8 and 5.10 for their statements.
We also work out an invariant of the filling, namely symplectic homology.
Theorem 1.2. Let (Σ(a 0 , . . . , a n ), α a ) be a Brieskorn manifold with filling V ε (a 0 , . . . , a n ), and suppose that none of the exponents a i equals 1. Suppose that one of the following conditions holds true.
• j 1 aj ≤ 1. • j 1 aj > 1 and n odd.
• j 1 aj > 1, and at least three of the a i 's are equal to 2. Then SH * (V ε (a 0 , . . . , a n ) ) does not vanish. Furthermore, (Σ(a 0 , . . . , a n ), α a ) is orderable.
The last statement depends on recent work due to Albers and Merry which asserts that any non-orderable Liouville fillable contact manifold must have vanishing symplectic homology for its Liouville filling. We remind the reader that the standard contact sphere, which is realized by any Brieskorn manifold with at least one of the a i 's equal to 1, is not orderable. In fact, the filling of Σ(1, a 1 , . . . , a n ) by the Brieskorn variety V 0 (1, a 1 , . . . , a n ), is the filling by a ball, which has vanishing symplectic homology.
Interestingly, the Brieskorn manifolds satisfying the above conditions, include contact manifolds that are diffeomorphic to spheres in dimension greater than 3, so we obtain Corollary 1.3. For n ≥ 3, there exist contact structures ξ on S 2n−1 that are orderable.
We also give explicit examples where equivariant symplectic homology/contact homology with Q-coefficients cannot distinguish certain contact structures on S 2 × S 3 . This is the family of Brieskorn manifolds Σ(2k, 2, 2, 2), where we may regard Σ(0, 2, 2, 2) := OB(T * S 2 , Id) as a subcritically fillable structure on S 2 × S 3 (this notation is explained in Sections 4.3 and 4.4). To distinguish two of them, we use the fact that Σ(2k, 2, 2, 2) for k > 0 does not embed into a subcritical Stein manifold. Proposition 1.4. On S 2 ×S 3 , there are Stein-fillable contact structures ξ 1 and ξ 2 that are not contactomorphic. However, the cylindrical contact homology/equivariant symplectic homology groups with Q-coefficients of these contact structures are isomorphic.
For non-simply-connected contact manifolds, a related, and much stronger result is already known, namely that there are contact manifolds that are not even diffeomorphic, yet with symplectomorphic symplectizations, [Co] .
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Links of isolated singularities and contact structures
Let p : (C n , 0) → (C, 0) be a holomorphic function with an isolated singularity in 0. Define the singular variety V 0 (p) := p −1 (0). As p has an isolated singularity in 0, the link of the singularity
is a smooth manifold for sufficiently small δ. Define now a function f on C n by putting f (z) = |z| 2 . Note that L 0,δ (p) is a regular level set of f | V0(p) . The simplest way to define a contact structure on a link of a singularity is to observe that, away from 0, f | V0(p) defines a strictly plurisubharmonic function on the variety V 0 (p). The link is a regular level set of this function, namely L 0,δ (p) = f | −1 V0(p) (δ 2 ), so this link carries a contact
is a contact form with contact structure ξ = ker α.
Remark 2.1. Links of holomorphic functions as defined above, are always Stein fillable. Indeed, consider the variety V ε (p) := p −1 (ε). If ε > 0 is sufficiently small, the perturbed linkL 0,δ (p) = V ε (p) ∩ S 2n−1 δ carries a contact structure that is isomorphic to the one constructed earlier by Gray stability. 
Usually, the weights are normalized by requiring gcd i w i = 1. Note that the singular variety V 0 (p) carries a C * -action:
Links of weighted homogeneous polynomials carry a natural contact structure by the above argument. The contact form provided by this argument is not the best one though, and the one provided by the following proposition provides more insight into the structure.
Proposition 2.3. The manifold L(p) carries the contact form
Furthermore, the Reeb flow of α is periodic,
Proof. The proof is essentially backwards, since we start by guessing the contact form and Reeb field, and reconstruct the Liouville vector field from there. Once one obtains the Liouville vector field, the contact and Reeb conditions are easily checked. Define a symplectic form on C n by ω := i j 1 wj dz j ∧ dz j . A primitive is given by the 1-form α = i 2 j 1 wj (z j dz j −z j dz j ). We shall show that α restricts to a contact form on the link of p. Define the vector field
Here cc stands for the complex conjugate of the term before. We use this notation throughout the paper. This vector field is going to be the Reeb vector field, but this is not clear at the moment. However, it is clear that R generates an S 1 -action, which comes from the C * -action on the variety V 0 .
We claim that R is tangent to L(p). One way to see this, is to observe that R lies in ker dp (and in the kernel ker dp) as well as in the kernel of df , where
Now define the vector field X by the linear equation i X ω| V0(p) = α| V0(p) . Since dα = ω, it follows that X is Liouville on V 0 (p). We claim that X is transverse to L(p). To see why, note first of all that L(p) = f −1 (1) ∩ V 0 (p), so we only need to check that X is transverse to level sets of f on V 0 (p). Since
we have df (X) = −2ω (R, X) . On the other hand, if z = 0, then ω(X, R) = α(R) = 0 as a short computation shows. It follows that X is a Liouville vector field that is transverse to L(p). Hence α| V0(p) = i X ω| V0(p) is a contact form after restricting to a regular level set of f . It is now also clear that R is the Reeb vector field for α,
we also have α(R) = 1. Finally, the flow of R is given by the above formula.
Remark 2.4. One may wonder whether the contact structure provided by this form is isomorphic to the one given by our earlier construction. This is true by Gray stability, and a computation which we do not include.
The advantage of the above contact form is that the Reeb flow is periodic, so we get a locally free circle action on the link L(p). If the defining polynomial p is homogeneous, then the resulting action is free, and the quotient of Q(p) := L(p)/S 1 carries the structure of a symplectic manifold. In general, the action has non-trivial, but finite isotropy and the quotient Q(p) := L(p)/S 1 will be a symplectic orbifold.
Proposition 2.5. Links of weighted homogeneous polynomials are prequantization bundles over symplectic orbifolds. If the defining polynomial is homogeneous, then L(p) is a prequantization bundle over a symplectic manifold.
Let us say more precisely which symplectic orbifold or manifold we get. The link L 0 (p) lies inside a sphere S 2n+1 . The circle action induced by the Reeb flow on L 0 (p) extends to the sphere, and the quotient is a weighted projective space CP n (w). The quotient of the link L 0 (p) is a hypersurface inside weighted projective space, given by the zeroset of the polynomial p.
In particular, we see that the quotient is a Kähler orbifold. On the other hand, we have an explicit nice model for the symplectization as well, namely by removing 0 from the variety V 0 (p). In particular, we see that the symplectization is Kähler, too. Contact manifolds with this property are called Sasaki, and form an area of research by themselves, [BG] . We will not pursue this line of thought, though.
2.2. Brieskorn polynomials. We now consider an even more special class of singularities, namely weighted homogeneous polynomials of the form
where a 0 , . . . , a n are positive integers. We will call these polynomials Brieskorn-Pham or just Brieskorn polynomials. If all exponents a i > 1, then a Brieskorn polynomial has an isolated singularity in 0, so its link is a contact manifold. If one of the exponents a i of the Brieskorn polynomial equals 1, then we are looking at the link of a smooth point, which is the standard contact sphere.
Definition 2.6. The link of a Brieskorn polynomial is called a Brieskorn manifold.
Since we will also look the variety p −1 (0) and deformations, it is useful to reserve the word Brieskorn variety for sets of the form
where ε is a (small) deformation parameter. For ε = 0, this variety is non-singular. If all exponents a j > 1, and ε = 0, then we obtain the singular variety V 0 (a 0 , . . . , a n ) with an isolated singularity in 0.
Instead of taking the usual contact form on a link induced by the plurisubharmonic function |z| 2 , we will use Proposition 2.3 to obtain a nicer contact form. Indeed, Brieskorn polynomials are weighted homogeneous with weights ( lcmj aj a0 , . . . , lcmj aj an , lcm j a j ). For later convenience, we rescale the contact form from Proposition 2.3 and always take the contact form
As mentioned before, the Reeb flow of this contact form is periodic, and this makes Brieskorn manifolds tractable.
Topology of Brieskorn manifolds
As a starter, we point out that Brieskorn manifolds in dimension 1 are links in the sense of knot theory: in other words, Σ(a, b) is a link in S 3 . Moreover, the equation z Some other Brieskorn manifolds can also be explicitly identified with well-known manifolds. Lemma 3.1. The Brieskorn manifold Σ(2, . . . , 2) is contactomorphic to (ST * S n , λ can ), and the smoothed Brieskorn variety V ε (2, . . . , 2) is symplectomorphic to (T * S n , dλ can ).
In the next section, we will dive into homology computations involving Brieskorn manifolds and varieties. The essential point is that the computation of the homology groups can be reduced to a combinatorial problem. Furthermore, there are explicit formulas for these data. These formulas can be rather complicated though.
3.1. Homology of Brieskorn varieties and manifolds. We start with some facts, and give arguments using Lefschetz fibrations later in Section 4.5. These arguments are not the most efficient, but they illustrate the geometric structure nicely.
Proposition 3.2. The Brieskorn variety V ε (a 0 , . . . , a n ) is homotopy equivalent to a wedge of i (a i − 1) spheres. We will simplify the notation somewhat by writing V ε (a) := V ε (a 0 , . . . , a n ), and we will use the notation Σ(a) for Brieskorn manifolds. The homotopy equivalence from the proposition can also be seen with Pham's description of Brieskorn varieties in terms of joins. His construction provides a nice basis of H n (V ε (a); Z). For this consider the action of G(a) = Z a0 ⊕ . . . ⊕ Z an on V ε (a 0 , . . . , a n ) given by multiplication with a i -th roots of unity. We will denote these roots of unity by ζ ai .
One can show that the set
is a deformation retract of V ε (a). Furthermore, there is a deformation that is compatible with the group action. By rescaling, one can identify U (a) with the join Z a0 * . . . * Z an . In fact, we get a simplicial structure by noting that
is a simplex. The other simplices are obtained by letting G(a) act. This gives a basis of homology: Pham) . With respect to the basis (3.1), the intersection form S Vε(a) is given by
for those cases that cannot be obtained from the previous one by symmetry.
This result as well as many other related ones can also be found in [GZ] .
Proposition 3.4. Brieskorn manifolds are highly-connected, meaning that a Brieskorn manifold Σ(a) 2n−1 has vanishing homotopy groups
To see this, we observe that V ε (a) is a Stein manifold, which we can see as the completion of V ε (a) ∩ B R , where B R is a ball of some large radius R. Note that V ε (a) ∩ B R can be obtained from Σ(a) by attaching handles of index at least n. These handle attachments do not affect the homotopy groups π k for k = 0, . . . , n − 2. Since π k (V ε (a) ) vanishes for k = 0, . . . , n − 1, the claim follows.
3.2. Methods to compute homology. Since smooth Brieskorn varieties are highly-connected manifolds, one can compute the homology of the "boundary" Σ(a) by working out the cokernel of the intersection form of the filling V ε (a). If we denote the intersection form by S Vε(a) , we find
However, it is more efficient to use the Milnor fibration structure (or open book decomposition in more contact geometric language).
A complete algorithm to get the above homology group was found by Randell, [R] . We will describe it below, but let us first look at the most interesting case, namely that Σ(a) is homeomorphic to a sphere.
3.3. Homotopy spheres. Milnor and Brieskorn found the following appealing criterion to detect spheres. Define the graph Γ as follows
• the vertices of Γ are a 0 , . . . , a n .
• there is an edge between a i and a j if gcd(a i , a j ) > 1.
Proposition 3.5 (Milnor, Brieskorn) . If n ≥ 3, then Σ(a 0 , . . . , a n ) is homeomorphic to a sphere if and only if the graph Γ satisfies one of the following two conditions.
• Γ(a 0 , . . . , a n ) has at least two isolated points.
• Γ(a 0 , . . . , a n ) has an isolated point and a connected component C with an odd number of points such that for a i , a j ∈ C with i = j, one has gcd(a i , a j ) = 2.
As a special case, we see that Σ(a 0 , . . . , a n ) is homeomorphic to a sphere if all exponents are pairwise relatively prime.
3.4. Randell's algorithm. To give general results for the homology of Brieskorn manifolds, we need some notation. The geometric meaning is the nesting of Brieskorn manifolds: Brieskorn manifolds naturally embed into Brieskorn manifolds of higher dimension. We will explore this more in Section 4.
For I := {0, 1, . . . , n} and any subset I s with s elements of the form I s = {i 1 , . . . , i s } define the Brieskorn submanifolds
The following formula can be found in [R] ; we will present an argument following Milnor in Section 3.6.1.
The function C will send index subsets of I to some integer. We prescribe the value on the empty set and use induction to get the other values:
. Theorem 3.6 (Randell). The homology group H n−1 (Σ(a 0 , . . . , a n ); Z) is isomorphic to
Remark 3.7. Note that simply-connected, spin 5-manifolds are classified by their second homology group H 2 (M ), see [Sm] . Since Brieskorn manifolds are spin, Brieskorn 5-manifolds are determined up to diffeomorphism by Randell's algorithm.
Corollary 3.8. Every simply-connected spin 5-manifold can be written as the connected sum of Brieskorn manifolds.
Proof. By Smale's theorem, simply-connected spin 5-manifolds admit a prime decomposition of the form
where the q i are powers of primes and we use the following conventions
We will show that each of the M k have models in the form of Brieskorn manifolds. First observe that Brieskorn manifolds are indeed spin. Indeed, w 2 (Σ) = c 1 (ξ Σ ) mod 2, and we know that c 1 (ξ Σ ) = 0 since the Brieskorn variety is a hypersurface in C n+1 . Since we already know that Σ(1, 2, 2, 2) ∼ = S 5 and Σ(2, 2, 2, 2) ∼ = ST * S 3 ∼ = S 2 × S 3 , we only need to find Brieskorn models for those 5-manifolds with pure torsion in homology. We claim that H 2 (Σ(p, 3, 3, 3); Z) ∼ = Z p ⊕ Z p for p relatively prime to 3 and H 2 (Σ(q, 4, 4, 2); Z) ∼ = Z q ⊕ Z q for q relatively prime to 2. To check this, we can just apply Randell's formula (3.5). We will do the case of Σ (p, 3, 3, 3) .
The set I = {0, 1, 2, 3}. Formula (3.4) gives
We conclude that r = max
We also have
so the claim follows. As we now have realized all prime manifolds from Smale's theorem by Brieskorn manifolds, we obtain the statement of the corollary.
3.4.2. Equivariant homology. Using the Gysin sequence, we can compute the equivariant homology H S 1 * (Σ(a 0 , . . . , a n ); Q): we can think of this homology as being isomorphic to the rational homology of Σ(a 0 , . . . , a n )/S 1 , hypersurface in a weighted projective space. Here is the upshot.
Theorem 3.9 (Randell) .
This result follows from Formula (3.3), and the Gysin sequence with rational coefficients. Hirzebruch-Mayer) . Let Σ(a 0 , . . . , a n ) be a Brieskorn manifold that is homeomorphic to a sphere. If n = 1, 3, 7, then Σ(a 0 , . . . , a n ) is diffeomorphic to the standard sphere.
Theorem 3.11. Smooth Brieskorn varieties are parallelizable.
An immediate corollary is that Brieskorn spheres are always boundary parallelizable, meaning that they are the boundary of parallelizable manifolds. Therefore, Brieskorn spheres cannot, in general, generate the full group of exotic spheres.
Definition 3.12. The Kervaire sphere is the smooth 4k + 1-manifold obtained as the boundary of the plumbing of two cotangent bundles of spheres along fibers.
Put differently, the Kervaire sphere is the link of the so-called A 2 -singularity in dimension 2k+2, which is another way of saying that the Kervaire sphere is the Brieskorn manifold
The plumbing graph for this singularity is in Figure 3 . Theorem 3.13. Let Σ(a 0 , . . . , a n ) be a Brieskorn manifold that is homeomorphic to a sphere, and assume that n = 1, 3, 7. If det S Vε(a0,...,an,2) = ±1 mod 8, then Σ(a 0 , . . . , a n ) is diffeomorphic to the standard sphere. If det S Vε(a0,...,an,2) = ±3 mod 8, then Σ(a 0 , . . . , a n ) is diffeomorphic to the Kervaire sphere (which may actually be diffeomorphic to the standard sphere depending on the dimension).
There is a practical way to compute the determinant of the intersection form needed in the theorem using the Alexander polynomial, which we describe in more detail in Section 3.6.1. The result is det S Vε(a0,...,an,2) = ± 0<kj <aj
3.6. Some proofs. The results listed above are all classical in the sense that they were obtained more than 40 years ago. The proofs and tricks involved are still very nice to see, though, so we will review the proofs of those results that we use directly. The basic references are Milnor, Dimca, Hirzebruch-Mayer and of course Pham and Brieskorn, [M, D, HM, Br, P] . The literature on Brieskorn manifolds is vast, so alternative proofs may be found elsewhere.
3.6.1. Homology via Milnor fibration. We essentially follow Milnor's proof from [M] combined with some arguments from [MO] . Interestingly, Milnor actually investigates periodic points under the Reeb flow, although he never calls it that way. Anyway, to see the so-called Milnor fibration or open book structure, note that Σ(a) := Σ(a 0 , . . . , a n ) embeds into S 2n+1 , and in fact S 2n+1 − Σ(a) fibers over S 1 : the argument of the Brieskorn polynomial provides the projection to S 1 . Hence we have pr : S 2n+1 − Σ(a) → S 1 , so by the clutching construction we get a "monodromy map", which we denote by h. We will denote the fiber of pr by V .
Remark 3.14. The map h is not the monodromy in the sense of contact open books, a notion we will discuss in Section 4.2, since it does not keep the boundary fixed. This is irrelevant for the homology computations below, but it is essential for the contact structure of a contact open book.
By Poincaré and Alexander duality, we have
. . , a n ) ).
. . , a n ), and compute H n (E) with the Wang sequence,
We conclude
3.6.2. The Alexander polynomial and a proof of formula (3.3). To compute the full homology we need to find coker(h * | Hn − Id), but since we shall only need the free part, it is enough to find dim ker(h * | Hn − Id). First define the characteristic polynomial
which is the definition of the Alexander polynomial. To rework this Alexander polynomial, we make some observations. First note that V , the fiber of pr, is diffeomorphic to the smoothed Brieskorn variety V ε (a 0 , . . . , a n ). This last fact was proved by Milnor, [M, Theorem 5.11 ], but one can also see it using the Lefschetz fibration we will describe in Section 4.5. For the "monodromy" h we have Lemma 3.15. The map h is given by the time-2π flow of the Reeb vector field,
This map is periodic with period p := lcm j a j . Hence h * − t Id is diagonalizable over C, and all zeroes of ∆ lie on the unit circle. Also ∆ is symmetric, meaning that
Let L(h ) denote the Lefschetz number of the -th iterate of h. From the Lefschetz trace formula we can deduce L(h ) = χ(F ix(h ) ); we will write this more briefly as χ from now on. Note that the fixed point set of h is a Brieskorn variety. Indeed, if e 2πi /aj z j = z j , then either z j = 0 or e 2πi /aj = 1. From Proposition 3.2 we see that the Euler characteristic χ satisfies
By the Möbius inversion theorem, we can write
where µ : N → Z is the Möbius function, which can be defined as follows.
If an integer k contains a power of a prime, then µ(k) = 0. By convention µ(1) = 1.
It now follows from the above formula for s i that s i = 0 if i does not divide the period lcm j a j , and that s i is divisible by i, so we will write s i = ir i .
We will collect the Euler characteristics χ i in a so-called Weil zeta function. To manipulate some identities the following lemma is useful.
This lemma can be proved by using the Jordan normal form for A. Define the Weil zeta function by
This is an unusual way to define this zeta function, but by applying the above lemma to each determinant in the product, we quickly obtain the standard definition as found in Milnor, [M, Chapter 9] ,
Here
is the Lefschetz number of the iterate h i . Using the standard power series for the logarithm, this can be rewritten. Indeed, the map h is periodic with period p = lcm j a j , so we can write
Thus we obtain the following lemma.
Lemma 3.17. The Weil zeta function satisfies
For the last observation, we use the symmetry property of the Alexander polynomial mentioned in Lemma 3.15.
Since h * is periodic, h * is diagonalizable over C. This implies that dim ker(Id −h * | Hn ) equals the multiplicity of the (generalized) eigenvalue 1 appearing in the characteristic polynomial ∆. In other words κ = dim ker(Id −h * | Hn ) is equal to the maximal degree for which t − 1 divides ∆. From Formula (3.8) for ∆, we directly conclude that
Together with the Möbius inversion formula and the formula for the Milnor number, this is enough information to obtain an explicit formula for κ. To obtain the nicer formula (3.3), we need to work a little more.
For j ∈ Z >0 , define the element E j in the group ring QC * by
where ζ j = e 2πi/j is a j-th root of unity. In the group ring QC * the following identity for these E j 's holds,
Note that the coefficient of [1] in this expression for δ equals the multiplicity κ we are interested in, up to sign. The following lemma from [MO] shows that δ has nice multiplicative properties.
Lemma 3.18 (Milnor-Orlik) . In QC * the following identity holds true.
Proof. To abbreviate the notation, we write χ j = χ j (a 0 , . . . , a m ), χ j = χ j (a 0 , . . . , a m ) and χ j = χ j (a 0 , . . . , a m , a 0 , . . . , a m ). The variables s j , s j and s j are defined similarly. With formula (3.6) for χ j , we find
By substituting formula (3.7) for the χ's, we find
By an induction argument this can be reworked into
By multiplying with E j and using the above identities, we obtain
which is the identity we were looking for.
By an induction on the number of terms on the right-hand side of Equation (3.9), we find
The coefficient of [1] on the right-hand side equals Is⊂I (−1) m+1−s ai 1 ·...·ai s lcm i∈Is ai , and this is the multiplicity of t − 1 in ∆, so we have proved formula (3.3).
Covering tricks, open books and Lefschetz fibrations
4.1. Covering tricks and nesting of Brieskorn manifolds. By definition, a Brieskorn manifold Σ(a 0 , . . . , a n ) is a submanifold of S 2n+1 . Besides the standard embedding, we can also take
Similarly, we can embed Σ(a 0 , . . . , a n ) as a Brieskorn submanifold in Σ(a 0 , . . . , a n , a n+1 ) by using the same type of map. We hence consider the relation between Σ(a 0 , . . . , a n , 1) and Σ(a 0 , . . . , a n , a n+1 ).
Proposition 4.1. The Brieskorn manifold Σ(a 0 , . . . , a n , a n+1 ) is an a n+1 -fold branched cover over Σ(a 0 , . . . , a n , 1). Furthermore, Σ(a 0 , . . . , a n , 1) is diffeomorphic to a sphere.
Intuitively, this is almost obvious. We 'almost' obtain a branched cover by considering
Unfortunately, this map only sends the Brieskorn variety V (a 0 , . . . , a n , a n+1 ) to the Brieskorn variety V (a 0 , . . . , a n , 1). It does not send the Brieskorn manifold Σ(a 0 , . . . , a n , a n+1 ) to Σ(a 0 , . . . , a n , 1). This can be corrected for, see [O, Section 5 ], but we just need the existence of a branched cover.
We now see that Brieskorn manifolds are stacked in a tower of branched covers of the following form,
The vertical arrows are branched covers, and the horizontal arrows give codimension 2 embeddings. Lemma 4.3. Let Σ(a 0 , . . . , a n ) be a Brieskorn manifold. Then the map
defines a open book with binding B = {z n = 0} ∼ = Σ(a 0 , . . . , a n−1 ) and page V ε (a 0 , . . . , a n−1 ).
Given a concrete open book (B, Θ) on a manifold M , we can define a monodromy by the following procedure. Take a Riemannian metric on M − B such that, near B, the pages are orthogonal to the vector field ∂ ϑ on B × (D 2 − {0}). This uses condition (2) of the definition of a concrete open book. Define the vertical space V ert to be the tangent space to the fibers of the projection Θ : M − B → S 1 . Form a connection on T (M − B) by declaring the horizontal space Hor to be the orthogonal complement of V ert with respect to the chosen metric. Now take the path t → e it in S 1 , and lift the tangent vector field to a horizontal vector field X on M − B. Near the binding, this horizontal lift X is given by ∂ ϑ . The time 2π-flow of X, denoted by h, defines therefore a diffeomorphism of the fiber F = Θ −1 (1) which is the identity near the binding. We call this map h the monodromy of the open book, and this is well-defined up to conjugation and isotopy.
Remark 4.4. Contrast this with the earlier construction used in Section 3.6.1 or with the following construction. Consider M − B as a fiber bundle over S 1 with fiber F . Remove one fiber to get a fiber bundle over an interval, which is trivial. Hence we obtain a gluing map, sayh by which we can recover
This gluing map is similar to the monodromy, but it doesn't fix the boundary. From the point of view of contact geometry (but even from a topological viewpoint) a lot of information is lost in this construction. We will discuss how to get the monodromy in the contact setting in the next section.
Going back to the earlier construction of the monodromy, we get a pair (F, h) which actually determines the concrete open book (B, Θ) on M . This leads to the following definition.
Definition 4.5. An abstract open book is a pair (F, h), where F is a smooth manifold with boundary, and h : F → F a diffeomorphism that is the identity in a neighborhood of the boundary of F .
As claimed, we can reconstruct M as
where B = ∂F .
4.3.
Contact open books and monodromy. We begin by discussing some orientation issues. Suppose M is an oriented manifold with a concrete open book (B, Θ). We will give S 1 its orientation, and this gives each page F an induced orientation by the convention that the orientation of M − B as a bundle over S 1 matches the one coming from M . In the following, we will have a symplectic form ω on each page. If the orientation of a page F induced by the open book structure matches the orientation as a symplectic manifold, we call the symplectic form ω on F positive. We shall orient the binding B as the boundary of a page F using the outward normal. If this orientation matches the one coming from a contact form α, meaning the orientation from the volume form α ∧ dα n , then we say that α induces a positive contact structure. We now come to Giroux' definition of a contact structure that is supported by an open book. Definition 4.6. A positive contact structure ξ on an oriented manifold M is said to be carried by an open book (B, Θ) if ξ admits a defining contact form α satisfying the following conditions.
(1) α induces a positive contact structure on B, and (2) dα induces a positive symplectic structure on each fiber of Θ. A contact form α satisfying these conditions is said to be adapted to (B, Θ). Now let (M, ξ) be a contact manifold carried by an open book (B, Θ) with adapted contact form α. Define a connection by splitting T (M − B) into V ert ⊕ Hor, where
• V ert = T F , the tangent space to the fiber.
• Hor = {X ∈ T (M − B) | i X dα = 0}, so the horizontal space is spanned by the Reeb field. We claim that this is a symplectic connection, meaning that the holonomy along a path is a symplectomorphisms. To see why, observe that with the Cartan formula L X dα = 0, so the flow of X induces a symplectomorphism between fibers. Now take the path t → e it in S 1 , and compute the holonomy of this path by lifting the tangent vector ∂ ϑ to a horizontal vector field X on M − B. Denote the time 2π-flow of this vector field byΨ.
Proposition 4.7. The mapΨ :
However,Ψ is not the monodromy as defined in the previous section, since it does not fix the binding. Still, it is possible to associate a symplectic monodromy with this open book: by removing a small neighborhood of the binding ν M (B), we can arrange the situation such that X is standard on the boundary of this neighborhood ∂ν M (B). By this we mean that X = ∂ ϑ when using polar coordinates for the
, then Ψ is the identity on a neighborhood of the boundary of F − ν F (B), and we have a monodromy in the sense we defined earlier, which is also symplectic. Giroux has shown that every cooriented contact manifold is carried by an open book, see his announcement and sketch in [Gi] . There is also a construction providing a converse. Given a Liouville domain W (defined in Section 5.1) and a symplectomorphism ψ that is the identity on the boundary of W , we can follow the construction of an abstract open book which was mentioned earlier. In this case, the abstract open book can be given a contact structure, see for instance [Gi] . We will call the resulting contact manifold with the underlying abstract open book a contact open book, and write OB(W, ψ). Corollary 4.9. The monodromy ψ a0,...,an−1,an is symplectically isotopic relative to the boundary to ψ an a0,...,an−1,1 . Indeed, this follows from the observation that a contact branched cover along the binding of an open book multiplies the monodromy. Hence we can restrict ourselves to studying the monodromy ψ an a0,...,an−1,1 of the Brieskorn manifold Σ(a 0 , . . . , a n−1 , 1). We remind the reader that Σ(a 0 , . . . , a n−1 , 1) is contactomorphic to the standard sphere (S 2n−1 , ξ 0 ). Furthermore, note that Θ extends to a mapΘ : V (a 0 , . . . , a n−1 , 1) −→ C
This map can deformed into a Lefschetz fibration by Morsifying the right hand side. We also have a (concrete) open book for Σ(a 0 , . . . , a n−1 , 1) with binding given by z n = 0, and the map to 
By a Morsification argument, one can see that ψ can be written as the product of Dehn twists. Since Σ(a 0 , . . . , a n−1 , a n ) is a n -fold branched cover along the binding, we also obtain an open book for this Brieskorn manifold, namely Σ(a 0 , . . . , a n−1 , a n ) ∼ = OB(W, ψ an ). In the case of the Brieskorn manifolds Σ(2, . . . , 2, N ), the Morsification is much easier. Indeed, Σ(2, . . . , 2, 1) is the boundary of the Lefschetz fibration
This is the prototype of a Lefschetz fibration: the regular fiber of this fibration is the Brieskorn variety V ε (2, . . . , 2) which is symplectomorphic to (T * S n−1 , dλ can ), and the monodromy is a righthanded Dehn twist τ along the zero section (one sometimes defines a right-handed Dehn twist as the monodromy of this particular fibration). This observation was first made by Arnold, [Ar] . Detailed computations/hints to understand this monodromy are in [MS, Exercise 6.20 ].
Hence we get a contactomorphism Σ(2, . . . , 2, 1) ∼ = OB(T * S n−1 , τ ). As said earlier, a branched cover along the binding iterates the monodromy, so we conclude that 4.5. Lefschetz fibrations. We briefly describe some Lefschetz fibrations on Brieskorn varieties. We already saw the related notion of open books in Section 4. By virtue of being an affine variety, any Brieskorn variety admits the structure of a Lefschetz fibration over C. One way to understand this structure is to start with the variety V 0 (a 0 , . . . , a n−1 , 1), which is smooth since the last coordinate is a graph over the others. In particular, V 0 (a 0 , . . . , a n−1 , 1) ∼ = C n . By projection, we get a singular fibration
The only singular value is 0, and a regular fiber is diffeomorphic to V ε (a 0 , . . . , a n−1 ). This is not a Lefschetz fibration yet, but we can Morsify the singularity, and this will give us a Lefschetz fibration.
To do so, let p i be a generic polynomial of degree a i so that the p i has a i − 1 distinct zeroes. We can take p i (z) close to z
ai . An explicit Morsification of the Brieskorn polynomial z
is then given byp
This Morsificationp has only quadratic singularities and precisely n−1 i=0 (a i − 1) of them. For the Morsified singularity, we obtain the Lefschetz fibration
Topologically, we can draw some conclusions from this fibration structure. We find
n-handles.
Indeed, from the Morsification argument, we see that the monodromy is the product of n−1 i=0 (a i −1) Dehn twists since there are precisely that many quadratic singularities. Each Dehn twist corresponds to critical handle attachment by [vK3, Theorem 4 .4] (the reference formulates everything in terms of critical surgery on the boundary: this corresponds to critical handle attachment to the filling). This gives the above claim.
We now also find V 0 (a 0 , . . . , a n−1 , a n ) ∼ = V 0 (a 0 , . . . , a n−1 ) × D 2 ∪ (a0−1)·...·(an−1−1)·an n-handles.
We already know that V 0 (a 0 , . . . , a n−1 , 1) ∼ = C n , which is homotopy equivalent to a point. Attaching (a 0 − 1) · . . . · (a n−1 − 1) · (a n − 1) more n-handles gives us V 0 (a 0 , . . . , a n−1 , a n ), which is therefore homotopy equivalent to a bouquet of (a 0 − 1) · . . . · (a n−1 − 1) · (a n − 1) spheres. We also see that these spheres can be made Lagrangian, so we can see part of the isotropic skeleton of Brieskorn varieties.
Contact and symplectic invariants of Brieskorn manifolds
In this section we compute some invariants of Brieskorn manifolds and their natural fillings. We consider symplectic homology and equivariant symplectic homology, but we mainly focus on the equivariant theory since this will give us an invariant of contact manifolds via the mean Euler characteristic. Conjecturally, the +-part of equivariant symplectic homology is isomorphic to contact homology, see [BO3] . The difficulty of this conjecture seems mainly to lie in the definition of contact homology which is still very problematic due to transversality problems. For some Brieskorn manifolds these problems can be fixed using the method from [BO3] , but we do not go into this.
5.1. Black boxes: different versions of symplectic homology. We begin by describing symplectic homology by giving some of its properties: these are similar to some of the EilenbergSteenrod axioms, and this point of view has been worked out by Cieliebak-Oancea, [Oa] . We won't need all of these axioms though, so we give a rather simple minded version.
Recall that a Liouville domain, or compact Liouville manifold, is a compact, exact symplectic manifold (W, ω = dλ) with boundary and a globally defined Liouville vector field X, defined by i X ω = λ, such that X points outward along the boundary of W .
(S 1 -equivariant) symplectic homology associates with a Liouville manifold (W 2n , ω = dλ)
graded Q-vector spaces SH (S 1 ) * (W, ω) and SH (S 1 ),+ * (W, ω) with the following properties.
• There is a tautological exact sequence, the so-called Viterbo sequence,
(W, ω) are invariants of the symplectic deformation type under exact symplectomorphisms.
In the above equivariant version of the Viterbo sequence, S 1 acts trivially on (W, ∂W ), so the homology groups H S 1 * (W, ∂W ) can be computed using the Künneth formula and the homology of BS 1 . It is also known that symplectic homology does not change under subcritical surgery provided c 1 vanishes. For equivariant symplectic homology, the situation is more complicated. We have the following Mayer-Vietoris style exact sequence from [BO3, Theorem 4.4].
Theorem 5.1 (Surgery exact sequence for the connected sum). Let W be a (disconnected) Weinstein domain of dimension 2n satisfying c 1 (W ) = 0, and suppose thatW is obtained from W by 1-handle attachment (so c 1 (W ) = 0). Denote the "symplectic homology" of the 1-handle by
Then the following surgery exact triangle holds
g g 5.1.1. A little on defining symplectic homology. We will not say much about the definition of symplectic homology, but we need to mention some things. Let (W, ω = dλ) be a compact Liouville manifold. For grading purposes, suppose that c 1 (W ) = 0 and that W is simply-connected. Then one can define Floer homology for the action functional depending on a time dependent, smooth Hamiltonian H : W × S 1 . The action functional, defined on the loopspace of W (often modelled on W 1,p (S 1 , W ) ), is given by
H(γ(t), t)dt
The chain complex for Floer homology is a Q-vector space generated by critical points of A H , which correspond to 1-periodic orbits of H. We grade these 1-periodic orbits by the ConleyZehnder index which is well-defined by the above assumptions. Indeed, every 1-periodic orbit spans a disk, and we can symplectically trivialize the tangent space to W using this disk. Then we can write down the linearized flow of X H with respect to this trivialization in order to obtain a path of symplectic matrices. The Conley-Zehnder index can then be defined with the crossing formula, see [RS] . The differential for the Floer complex counts rigid solutions to the Floer equation. In particular, the differential is action decreasing. Symplectic homology can be defined as a Floer theory whose chain complex is generated by 1-periodic orbits of a well-chosen Hamiltonian, or as the direct limit of the Floer homologies of a sequence of Hamiltonians. Unfortunately, there seem to be as many conventions concerning grading, etc, as authors, so the choices we make here, are not going to please everyone. We basically stick to the conventions of Bourgeois and Oancea, [BO3] . 5.2. More black boxes: Morse-Bott spectral sequences. In this section we will describe a Morse-Bott spectral sequence for (equivariant) symplectic homology: this is a very useful tool, and applies due to the S 1 -symmetry that Brieskorn manifolds have. Other versions of this spectral sequence with different conventions appeared in [S, Formula (3.2) and (8.9)].
Consider a simply-connected Liouville manifold (W 2n , dλ) with c 1 (W ) = 0. Suppose that W has contact type boundary Σ with a periodic Reeb flow. We do not require all orbits to have the same period. Define Σ T as the Morse-Bott submanifold in Σ consisting of all periodic Reeb orbits of period T , We can associate a Maslov index, often referred to as Robbin-Salamon index, with each connected component of a Morse-Bott submanifold Σ T . It turns out that for Brieskorn manifolds, even different connected components have the same index, so we will write µ(Σ T ) for this Maslov index. We are using the so-called transverse Maslov index, and we will add correction terms when necessary.
In the following spectral sequences we will use Q-coefficients as this will simplify equivariant homology.
Proposition 5.3. There is a spectral sequence converging to SH * (W ) whose E 1 -page is given by
The +-part of S 1 -equivariant symplectic homology has E 1 -page given by
Here L is a twisting/orientation bundle.
Note the shift by 1 2 dim(Σ T /S 1 ). This is precisely the contribution of the degenerate endpoint of the symplectic path to the crossing formula if the contact form is of Morse-Bott type. Put into words, the above formula means the following. We fill the E 1 -page with copies of the (equivariant) homology groups of submanifolds consisting of periodic orbits. With the exception of the constant orbits in the filling, these submanifolds are Brieskorn manifolds, so their homology can be computed with the results from Section 3.4. Note also that above direct sum, is just a finite sum for fixed p, provided the Maslov index of a principal orbit is not equal to zero (in other words, if the so-called mean index, defined in Section 5.4, is not equal to zero).
Remark 5.4. We will not go into the definition of the orientation bundle, but we do need to point out the following. If Σ T is a single periodic orbit γ, then the orientation bundle is trivial if and only if the orbit is good, meaning that γ is not an even cover ofγ with µ CZ (γ) − µ CZ (γ) odd. If γ is a bad orbit, i.e. not good, the homology group H S 1 * (γ; L) vanishes, so in this sense bad orbits do not contribute. However, we should point out that this is not true for the chain complex of equivariant symplectic homology, and if higher differentials in the spectral sequence need to be computed, then bad orbits can still affect the result.
In general, it is expected that the orientation bundle for Brieskorn manifolds is trivial, but we will deal with this issue in a simple way. If H 1 (Σ T ; Z 2 ) vanishes, then all bundles over Σ T are orientable. This leaves us with cases that Σ T consists of isolated orbits, because then H 1 (Σ T ; Z 2 ) = 0. However, in that case we only need to check whether isolated orbits are good: this then guarantees that we can take Q-coefficients instead of some twisted coefficients.
We need to compute the indices to make more explicit statements and this will be done in the next section.
Trivializations and Maslov indices. Consider the Brieskorn manifold Σ
. Take the symplectic form ω a := i j a j dz j ∧ dz j , and let ξ = ker α a denote the contact structure on Σ(a). We compute the "transverse" Robbin-Salamon index or Maslov index (i.e. the "Conley-Zehnder index" for degenerate orbits) by extending the flow to C n+1 and then subtracting the normal part.
For the construction of the extension, we use the symplectic form ω a to split the trivial bundle ε
The Reeb flow of α a is given by One can check, see [vK2, Section 2] , that the symplectic complement of ξ with respect to ω a is trivial, and spanned by
This can be made into a symplectic trivialization by the Gram-Schmidt process. The linearized flow on the normal part ξ ωa (4-dimensional) with respect to this symplectic trivialization is given by Ψ ν (t) = diag(e it , 1)
We claim that the above trivializations extend over V ε (a). This is obvious for the trivialization that we used for the extended flow. For the normal part, we just use the above, explicit trivialization, whose vectors are linearly independent away from 0. Since 0 does not lie on the smoothed variety, the claim follows.
Remark 5.5. Although we compute Maslov indices with respect to capping disks in the filling, we want to point out that we can also compute indices in a consistent way in the contact manifold, even in dimension 3. Higher dimensional Brieskorn manifolds are simply-connected, and we can homotope disks in the filling to disks lying in the boundary: it makes therefore no difference to compute the indices in the boundary or in the filling. In dimension 3, Brieskorn manifolds are usually not simply-connected, but the Chern class of the contact structure of Brieskorn manifolds is trivial, so in dimension 3 the contact structure, a complex line bundle, is itself trivial, and there is a global trivialization of the contact structure. We can therefore compute the Maslov indices with respect to this global trivialization, even for non-contractible Reeb orbits.
With the standard formula
if T ∈ 2πZ 2 T 2π + 1 otherwise, we find the following Maslov index for a periodic orbit γ of period T µ(γ| [0,T ] 
5.3.1. Periods and orbit-types. Although all Reeb orbits of a Brieskorn manifold (Σ(a), α a ) are periodic, the periods can vary, and this influences the Maslov indices. To keep track of the periods, we introduce some notation in addition to that from Section 3.4. First note that the period of a principal orbit is 2π lcm j∈I a j . For all T that divide lcm j∈I a j , let I T denote the maximal subset of I such that lcm j∈I T a j = T.
If #I T > 1, then K(I T ) ⊂ K(I) defines a Brieskorn submanifold Σ(K(I T ) ), cf. Remark 5.2. This notation was defined in Formula (3.2). The principal orbits of Σ(K(I T ) ) have period 2πT .
If the orbits with period 2π · N T are not part of some larger orbit space K(I T ), with T |T , then the Maslov index of an N -fold cover of K(I T ) is given by
Note that the Brieskorn submanifolds K(I T ) consist of shorter orbits inside the bigger Brieskorn manifold K(I).
Remark 5.6. Formula (5.3) implies that all orbit spaces are good in the sense of Remark 5.4.
5.4. Index-positivity. Before we can state the next proposition, we need to introduce some notion measuring the growth rate of the Maslov-index. Let (Σ 2n−1 , ξ = ker α) be a cooriented contact manifold for which the Conley-Zehnder index or Maslov index of periodic Reeb orbits is well-defined. This is for instance guaranteed if c 1 (ξ) = 0 and π 1 (Σ) = 0.
Suppose that γ is a non-degenerate, periodic Reeb orbit. Then we have the following formula for iterates of γ according to [SZ, Lemma 13.4] , (Vε(4, 2, 2, 2) ): the short columns are given by H S 1 * (Σ(2, 2, 2); Q) ∼ = H * (S 2 ; Q), and the long column is given by
Here ∆(γ) is the mean index and e(N ) an error term that is bounded in norm by dim C ξ = n − 1. There is a similar formula for the Robbin-Salamon index of a degenerate Reeb orbit. If ∆(γ) > 0 for all periodic Reeb orbits γ, then we call (Σ 2n−1 , α) index-positive. If ∆(γ) < 0 for all periodic Reeb orbits γ, then we call (Σ 2n−1 , α) index-negative. Contact manifolds that are neither index-positive nor index-negative will be referred to as index-indefinite. The same notions can also be defined for more general periodic orbits, such as orbits of Morse-Bott type.
Note that for a periodic flow, the mean index equals the Maslov index of a principal orbit. Now, look once more at Formula (5.3) to see that the following proposition holds.
Proposition 5.7. Let Σ(a 0 , . . . , a n ) be a Brieskorn manifold with its natural contact form. Then the Maslov index of a principal orbit is equal to
In particular, we see that Σ(a 0 , . . . , a n ) is index-positive if j Remark 5.8. As an entertaining corollary, we can immediately conclude that a Brieskorn manifold Σ(a 0 , . . . , a n ) cannot be subcritically fillable if j 1 aj ≤ 1. Indeed, all generators for SH S 1 ,+ * have index bounded from above, and this is not true for subcritical Stein manifolds. 5.5. Some explicit examples. As an example, we work out the spectral sequence (5.2) for the +-part of equivariant symplectic homology of the smoothed A k−1 -singularities, i.e. the Brieskorn varieties V ε (2, 2, 2, k). We will assume that the orientation bundle L is trivial without showing this. Fortunately, one can give a different argument which does not depend on this assumption (see Remark 5.10), but we hope that the following incomplete argument gives another understanding. We will work out the case that k > 2. The case that k = 2 is worked out in Section 5.6, and the case k = 1 is the standard contact sphere.
There are two types of Morse-Bott submanifolds consisting of periodic Reeb orbits:
• Exceptional orbits. These form the Brieskorn submanifold K({0, 1, 2}) = Σ(2, 2, 2) ⊂ Σ(2, 2, 2, k) = K({0, 1, 2, 3}). A simple cover of an exceptional orbit has period 2π · 2.
• Principal orbits. These form the full Brieskorn manifold K({0, 1, 2, 3}) = Σ(2, 2, 2, k). A simple cover of a principal orbit has period 2π · lcm(2, k).
Now fill the E 1 -page of the Morse-Bott spectral sequence (5.2) with the equivariant homology groups of these Brieskorn manifolds.
Using Formula (5.3), we compute the degree shifts. For an N -th cover of an exceptional orbit, denoted by γ exc N , such that lcm(2, k) does not divide 2N , the degree shift is equal to
For an N -cover of principal orbit, denoted by γ prin N , the degree shift equals
Examples illustrating the case that k is even and odd are given in Figures 6 and 7 , respectively. Since the total degree difference is always even, we conclude that the spectral sequence degenerates, and we can directly obtain the homology groups. For k = 2m even we have
Note that these homology groups are independent of m. For odd k, the +-part of equivariant symplectic homology is given by
* is odd or * < 2, Remark 5.9. In the case of A k−1 -singularities, there are no orbits of contact homology degree −1, 0, 1, so cylindrical contact homology is (conjecturally) defined and gives an invariant. Alternatively, observe that all degree differences are even, so other exact fillings (with vanishing first Chern class) cannot give another SH
Remark 5.10. We briefly sketch how to do the computation without assuming that the orientation bundles are trivial. By Ustilovsky's computations, [U1] , there is a contact form with finitely many periodic Reeb orbits which are all non-degenerate: a variation of his contact form can also be used for the case that k is even. One also obtains explicit formulas for the Conley-Zehnder indices, and these formulas show that all periodic Reeb orbits are good. Now apply the Morse-Bott spectral sequence from [FSvK, Proof of Theorem 2.1] .
This spectral sequence also appears in [BO3, Proof of Proposition 3.7(II)], and is similar to (5.2), but the Morse-Bott spaces are only 1-dimensional. Since all orbits are good, the orientation bundles are trivial, and one reproduces the above claims. 5.6. The "contact homology" of ST * S n . As mentioned in Lemma 3.1, (ST * S n , λ can ) can be identified with the Brieskorn manifold Σ(2, . . . , 2), so we can use the Morse-Bott spectral sequence and the formula in Theorem 3.9 for the homology of the quotient space ST * S n /S 1 to compute the +-part of equivariant symplectic homology. We have the following explicit result for the Betti numbers of the +-part of equivariant symplectic homology of (ST * S n , λ can ).
Proposition 5.11. If n is odd, then
If n is even, then
Proof. We first do the case n > 2. From Formula (5.3) we find that the Maslov index of an N -fold cover of a principal orbit, which we denote by γ N , is given by
From Theorem 3.9 we find that
Note that if n > 2, then H 1 (ST * S n ; Z 2 ) = 0, so the orientation bundle is just Q. Hence we can simply put the above homology groups in the Morse-Bott spectral sequence (5.2), which we display in Figure 8 . Since the difference of the total degree of any two terms in this spectral sequence is even, nothing can kill or be killed, so we directly obtain the equivariant symplectic homology groups. The result is
For the case n = 2, note H 1 (ST * S 2 ; Z 2 ) = Z 2 , so we cannot a priori say that the twisting bundle is trivial. One may show directly that this is actually the case, but we will provide an alternative argument.
For this observe that (ST * S 2 , ξ can ) ∼ = (S 3 , ξ tight )/Z 2 . On S 3 we can take the ellipsoid contact form
If a 1 and a 2 are rationally independent, then α a1,a2 has precisely two periodic Reeb orbits, which are non-degenerate, namely γ 1 (t) = (e it/a1 , 0) and γ 2 (t) = (0, e it/a2 ). Since α a1,a2 is invariant under the antipodal map, this contact form descends to a well-defined contact form on ST * S 2 . The Reeb flow still has precisely two periodic orbits. Odd covers of these orbits are not contractible, but even covers are. As curiosity, this flow can in fact be identified with the famous Katok-Ziller examples of a geodesic flow on a Finsler 2-sphere with only two periodic orbits, but we won't need this. For the Conley-Zehnder indices, we will use a global trivialization of the tangent bundle, inspired by the quaternions on S 3 :
Here R is the Reeb field and U, V form a basis for the contact structure. This trivialization extends to the quotient and also to T * S 2 , where all orbits are contractible. Denote the orbits in the quotient by [γ j ]: these have period a j π. With respect to the global trivialization we find
and a similar expression for γ 2 . Clearly degree differences are always even, so the spectral sequence we mentioned in Remark 5.10 degenerates immediately. By looking more precisely, we recover the desired result.
Remark 5.12. For an alternative argument, note that ST * S n can be identified with a prequantization bundle over the complex quadric in projective space, or equivalently with a prequantization bundle over the Grassmannian of oriented 2-planes, Gr + (2, n + 1). The homology and Chern class of the quadric can be computed with the method from [MS, Example 4.27 ]. The Chern class can then be used to compute the Maslov index and this gives the required information to work out the above spectral sequence. 5.7. Invariants of contact manifolds, and detecting exotic contact structures. So far, we have discussed symplectic homology, and equivariant symplectic homology. These homology theories are invariants of symplectic manifolds with contact type boundary. To obtain an invariant of the contact manifold we have two methods at our disposal.
• With rational coefficients, the +-part of equivariant symplectic homology is conjecturally isomorphic to linearized contact homology. In general, linearized contact homology is not an invariant of the contact structure; it depends on the choice of augmentation, which is in this case determined by the filling. However, if there are no orbits with contact homology degree −1, 0, 1, then the trivial augmentation (on generators, this sends 1 to 1 and everything else to 0) is an honest augmentation, and actually the linearized contact homology with respect to this trivial augmentation will then provide an invariant. Of course, the usual SFT-in progress warnings apply, although some cases can now be covered using the methods from [BO3] .
• The mean Euler characteristic of equivariant symplectic homology will provide an invariant in many cases. We will describe below how this happens, but the basic idea is that the Euler characteristic does not depend on the differential, and the only augmentation dependent part in the above story is the differential. To make the second point precise, we need some definitions. If (W, ω) is homologically bounded we define its mean Euler characteristic as
The uniform bound on the Betti numbers implies that the limit inferior and the limit superior exist. In many cases, including all cases we will consider, the limit inferior and the limit superior coincide, so the mean Euler characteristic reduces to
Lemma 5.14 (Mean Euler characteristic as an invariant). Suppose (Σ, α = λ| ∂W ) is a simplyconnected contact manifold admitting a simply-connected Liouville filling (W, dλ) with c 1 (W ) = 0, so that grading in symplectic homology is well-defined. Assume furthermore that α is a Morse-Bott contact form with only finitely many orbit spaces. Then χ m (W, dλ) does not depend on the choice of Liouville filling (W, dλ), and can in fact be computed from the spectral sequence (5.2).
The idea is the following. If the mean Euler characteristic makes sense at some page of the spectral sequence, then it will also make sense on the next page and the result does not depend on the page of the spectral sequence. The assumptions we make in this lemma, guarantee that the mean Euler characteristic can be computed on the E 1 -page, and this implies the claim.
Remark 5.15. For this reason, we will often write χ m (Σ) instead of χ m (W ) to indicate that we actually have an invariant of the contact manifold rather than just of the symplectic filling.
The following result, originally found by Espina [Es] , will be very useful. The current version is most easily found in [BO3] . 
5.8. Mean Euler characteristic of Brieskorn manifolds. We start with a general formula for the mean Euler characteristic of a Liouville fillable contact manifold with a periodic Reeb flow. Though explicit, the general formula is not so nice. We follow [FSvK] and introduce the function
We use the convention that T k is the period of a principal orbit and ϕ T k ;∅ = 1.
Proposition 5.17 (Not so nice formula for the mean Euler characteristic). Let (Σ, α) be a contact manifold as above and assume that it admits an exact filling (W, dλ). Suppose that c 1 (ξ = ker α) = 0, so that the Maslov index is well-defined. Let µ P := µ(Σ) be the Maslov index of a principal orbit of the Reeb action. Let Σ T denote the submanifold consisting of periodic orbits of the Reeb flow with period T . Assume that H 1 (Σ T × S 1 ES 1 ; Z 2 ) = 0 for all Σ T with dim Σ T > 1 and that there are no bad orbits. If µ P = 0 then the following hold.
• (Σ, α) is homologically bounded.
• (Σ, α) is index-positive if µ P > 0 and index-negative if µ P < 0.
• The mean Euler characteristic satisfies the following formula,
The idea behind this proposition is to perform a signed count of the ranks of the entries, or "the dots", in the spectral sequence (5.2). The Euler characteristic of the equivariant homology of a Morse-Bott submanifold is equal to this signed number of dots in a single column. Since this spectral sequence is periodic in the horizontal direction, we only need to count in one period, and divide by the absolute value of the mean index µ P .
We can apply this formula to Brieskorn manifolds. The Maslov index µ P of a principal orbit is computed in Proposition 5.7, and Theorem 3.9 tells us how to compute χ S 1 (Σ Ti ). We illustrate the use of this proposition with an example that we will use later.
Let p, q be odd integers that are relatively prime, and consider Σ(2, 2, p, q) with its natural contact form. All assumptions of the proposition hold for this Brieskorn manifold, so we can start our computations. Principal orbits in this Brieskorn manifold have then period 2pq, and exceptional orbits can have period 2p, 2q, 2 and pq (and integer multiples). We list all possible Morse-Bott submanifold in the table below. By frequency we mean the numbers ϕ Ti;Ti+1,...T k .
Orbit space period χ
We conclude that
We also want to mention another case where the numerics work out nicely. If all exponents of the Brieskorn polynomial are pairwise relatively prime, then Formula (5.8) reduces to something more explicit, see [FSvK, Proposition 4.6 ].
Proposition 5.18. The Brieskorn manifold Σ(a 0 , . . . , a n ) with its natural contact form α is indexpositive if j 1 aj > 1, and index-negative if j 1 aj < 1. Furthermore, if the exponents a 0 , . . . , a n are pairwise relatively prime, then the mean Euler characteristic of Σ(a 0 , . . . , a n ) is given by
Finally, for the A k−1 singularities in dimension 5/6, we can read off the mean Euler characteristic from the computations in Section 5.5,
if k is odd.
Note that Lemma 5.14 applies here, so this gives a simple way to see that the Ustilovsky spheres, given by Σ(2, 2, 2, k) with k odd, are pairwise non-isomorphic.
Theorem 5.19. On the sphere S 5 every rational number can be realized as the mean Euler characteristic of some contact structure.
Proof. This is just a matter of finding the right generators, and using the sum formula (5.7). We take the Brieskorn spheres Σ(k, 2, 2, 2) with k odd (also known as Ustilovsky spheres), Σ(2, 2, 3, 5) (a "Poincaré sphere") and Σ(p, q, r, s), where p, q, r, s are pairwise relatively prime. By Formula (5.8), we find the following results (if p, q, r, s are sufficiently large)
We see that χ m (Σ(2, 2, 3, 5) ) = 1, so by the sum formula, we find
Negative χ m can be obtained by taking Σ(p, q, r, s)#Σ(p, q, r, s) if p, q, r, s are sufficiently large to have χ m (Σ(p, q, r, s) ) < 1 4 . Hence it suffices to realize 1/p for any prime p. To get the prime powers 1/p for p an odd prime, take k = 3 · p − 2. Then χ m (Σ(k, 2, 2, 2)#Σ(k, 2, 2, 2)#Σ(2, 2, 3, 5) ) = 2k + 1
For the prime powers 1/2 , we observe that
Remark 5.20. Since Brieskorn manifolds are prequantization orbibundles, the mean Euler characteristic is always a rational number. As we have seen in Formula (5.7), the connected sum preserves this property. We do not know whether it is possible to get irrational numbers with more general constructions. 5.9. Exotic contact structures on a sphere form a monoid. It is well-known that contact structures on S 2n−1 form a monoid under the connected sum operation. The neutral element is the standard contact sphere (S 2n−1 , ξ 0 ). Let us call this monoid Cont(S 2n−1 ). Define the submonoid Cont nice (S 2n−1 ) consisting of contact structures on ξ on S 2n−1 that are Weinstein fillable and whose mean Euler characteristic is defined; in other words, there is a uniform bound on the symplectic Betti numbers.
If we offset the mean Euler characteristic by a half, then we can reformulate Theorem 5.19 in more fancy language: we have a surjective monoid homomorphism
With the sum formula (5.7) we see that this is indeed a homomorphism. It follows that this monoid is infinitely generated. The observation that the monoid Cont(S 2n−1 ) is infinitely generated is not new, and was, in fact, already made by Ustilovsky in his thesis [U2] using cylindrical contact homology. He looked at the chain complex of the connected sum, and although he didn't know the exact sequence from Theorem 5.1, he could deduce enough information to show that Cont nice (S 5 ) is an infinitely generated monoid. See Section 5.5 for the necessary computations in the fivedimensional case: these can be easily extended to dimensions 9, 13, etc.
5.10. The mean Euler characteristic and cylindrical contact homology over Q are not full invariants. In this section we will assume that cylindrical contact homology of certain contact manifolds can be defined, and that it is isomorphic to the +-part of equivariant symplectic homology of a suitable exact filling: this seems actually very reasonable for the examples that we will consider, given the results in [BO3] .
Consider the Brieskorn manifolds Σ(2k, 2, 2, 2) from Section 5.5. We saw that their contact homology/+-part of equivariant symplectic homology with Q-coefficients does not depend on k. Now consider the subcritically fillable manifold (S 2 × S 3 , ξ sub ) = ∂(T * S 2 × C, dλ can + ω 0 ). To motivate this choice, observe that Σ(2k, 2, 2, 2) is the contact open book OB(T * S 2 , τ 2k ), whose monodromy is a 2k-fold Dehn twist. On the other hand, (S 2 × S 3 , ξ sub ) is given by the contact open book OB(T * S 2 , Id). By examining the equivariant Viterbo long exact sequence we find that cylindrical contact homology/the +-part of equivariant symplectic homology of (S 2 × S 3 , ξ sub ) is isomorphic to that of the Σ(2k, 2, 2, 2)'s, so contact homology cannot distinguish any of these manifolds. Note that the unit cotangent bundle (ST * S 3 , ξ can ) ∼ = Σ(2, 2, 2, 2). Though we will not do this, one can show that (S 2 × S 3 , ξ sub ) and (ST * S 3 , ξ can ) are not contactomorphic. It is easier to show instead that (S 2 × S 3 , ξ sub ) and Σ(2k, 2, 2, 2) are not contactomorphic for k > 1. A nice argument to see this can be found in [OV, Proposition 6.2(a) ]. This proposition states that the link of an isolated singularity for which the intersection form of the smoothing is nonzero does not embed into a subcritical Stein manifold. Since this condition on the intersection form holds true for Σ(2k, 2, 2, 2) if k > 1, the claim follows.
We reach the following conclusion.
Proposition 5.21. There are non-isomorphic, simply-connected Stein-fillable contact manifolds that are not distinguished by cylindrical contact homology/equivariant symplectic homology with Q-coefficients. In other words, cylindrical contact homology, the +-part of equivariant symplectic homology (with Q-coefficients) and their mean Euler characteristics are not full invariants.
5.11. Classical invariants. With modern technology around, classical invariants have become rather unpopular. However, these invariants can still be very effective, especially in dimension 7, 11, and so on. See [Ge, Section 5 .1] for a more detailed description of these invariants for Brieskorn manifolds and for some applications. To explain the classical invariants, we start with some definitions.
Definition 5.22. An almost contact structure on a 2n−1-dimensional manifold is a reduction of the structure group from SO(2n − 1) to U(n − 1) × Id. (or equivalently to Sp(2(n − 1) ) × Id ).
Note that a cooriented contact structure ξ = ker α on a manifold Σ gives an almost contact structure. Indeed, (ξ, dα) is a symplectic vector bundle and its complement is spanned by the Reeb field R α . Since T Σ ∼ = ξ ⊕ RR α , we get an almost contact structure. The homotopy class of almost contact structures provides an invariant and this is actually an invariant of the underlying contact structure.
Put differently, an almost contact structure is a lift of f : Σ → B SO(2n − 1), where f is the classifying map for T Σ, tof : Σ → B(U(n − 1) × Id). We note here that B(U(n − 1) × Id) is a fibration over B SO(2n − 1) with fiber SO(2n − 1)/ U(n − 1). The latter homogeneous space can be identified with SO(2n)/ U(n). If Σ is a sphere, then we see that homotopy classes of almost contact structures correspond to elements in π 2n−1 (SO(2n)/ U(n) ). A classical result due to Massey, [Ma] , tells us that
for n mod 4 = 2
for n mod 4 = 3, (5.10) so then we have an idea how much information this classical invariant measures. For Brieskorn manifolds that are diffeomorphic to standard spheres, Morita, [Mo] has worked out what value this invariant takes. He worked in a different context, namely that of almost complex structures, but this can be translated to a contact setting. If ac denotes the map that sends an almost contact structure to the groups listed in (5.10), then Morita's computations can be stated as
for n mod 4 = 2 n i=0 (ai−1) 2
for n mod 4 = 3.
(5.11)
Here B n denotes the n-th Bernoulli number with the same conventions as before, and sign a is the signature of the manifold V ε (a) ∪ ∂ D 2n , which is well-defined up to homeomorphism; this latter manifold can be defined by the assumption that Σ(a) = ∂V ε (a) is diffeomorphic to a standard sphere.
The signature of V ε (a) ∪ ∂ D 2n can be computed with the help of the formula for the intersection form in Proposition 3.3. This is rather complicated though, and fortunately there are more efficient ways, for example by counting lattice points satisfying certain conditions. See [HM, Satz on page 98-99].
Remark 5.23. Since this invariant is an element of a homotopy group, it behaves additively under connected sums involving only spheres.
6. Other applications: more exotic contact structures, orderability, Dehn twists and questions
We define a relation on Contact 0 (Σ, ξ = ker α), the universal cover of the identity component of the contactomorphism group of (Σ, ξ) by the following rule. Forf ,g ∈ Contact 0 (Σ, ξ), we say thatf g iffg −1 is represented by a path that is generated by non-negative contact Hamiltonians.
Definition 6.1. We call a contact manifold (Σ, ξ = ker α) orderable if defines a partial order.
Let us briefly point out that it has been shown that (S 2n−1 , α 0 ) is not orderable, whereas (RP 2n−1 , α 0 ) is orderable. To understand non-orderable contact manifolds, the following proposition is helpful. A recent result of Albers and Merry, [AM] , allows us to show that many Brieskorn manifolds, including many exotic contact structures on spheres, are orderable. For this, we need to compute the symplectic homology of a suitable Liouville filling.
Theorem 6.3. Let (Σ(a 0 , . . . , a n ), α a ) be a Brieskorn manifold, and suppose that none of the exponents a i equals 1. Suppose that one of the following conditions hold true.
aj > 1 and n odd.
• j 1 aj > 1, and at least three of the a i 's equal to 2 Then SH(V ε (a 0 , . . . , a n ) ) does not vanish. Furthermore, (Σ(a 0 , . . . , a n ), α a ) is orderable.
Proof. This is an application of the Morse-Bott spectral sequence (5.1). We distinguish three different cases: Case 1: Note first of all that there is a generator at E 1 −n,2n , corresponding to the minimum of a Morse function on the filling: this element cannot kill any other element for action reasons: the differential decreases action (even at the page E 1 ), and there are no elements with smaller action and the right degree. The total degree of this generator is n Next, we give an upper bound for the total degree of generators corresponding to critical points on the Morse-Bott manifolds. For the Morse-Bott manifold Σ T , with #I T = k we find the following for the maximal degree of a generator in the Morse-Bott spectral sequence,
In the last estimate we have used that i 1 ai − 1 ≤ 0. It follows that there are no elements with total degree larger than n, so nothing can kill the above element at E 1 −n,2n . Case 2: We consider the case that i 1 ai > 1 and n is odd. The Milnor number of the singularity equals i (a i − 1) > 0, so we have at least some generators corresponding to critical handles at E 1 −n,n . Note that these generators have minimal action, so they cannot kill anything themselves. We will argue that any element that can kill such a generator at E 1 −n,n will give rise to another element. After repeating these steps finitely many times we will end up with an element that cannot be killed.
We first observe that the degree shift for periodic orbits that are not critical points is always even. Indeed, consider a submanifold consisting of periodic orbits of period T : this is automatically a Brieskorn submanifold, and has degree shift equal to µ(Σ T )− we get modulo 2
So we see that the degree shifts are even if n is odd. Because this degree shift is even, the only candidate "killers" for the elements at E 1 −n,n can be found at E −n+1,n , E −n+3,n−2 , . . . , E 0,1 . Note that the existence of an element at E −n+2k+1,n−2k implies the existence of an element at E −n+2k+1,0 (namely the minimum a Morse function on the Morse-Bott space). Since there are no elements at E −n+2 ,0 by the above degree shift restriction, we conclude that there are unkillable elements. Looking a bit more also shows that some of these elements do not kill anything themselves. We conclude that SH cannot vanish.
An example of the spectral sequence is illustrated in Figure 9 . Case 3: Assume now that at least three of the a i 's are equal to 2, and that n ≥ 3. Let Σ T denote the Brieskorn submanifold consisting of periodic orbits of period T . Suppose k = #I T denotes the number of exponents in this Brieskorn submanifold, and the number of 2's among them. We shall show that the degree shift µ(
1 ) is at least 2. As in the previous case, this is enough to guarantee that nothing can kill the generators at E 1 −n,n . We first consider the case that T is odd, so = 0. We compute
Now assume that T is even. Then
≥ ( − 2)T + 2(k − ) + (n + 1 − k) − k + 2 = ( − 2)T + (n + 1 − ) + 2 − = ( − 2)(T − 1) + (n + 1 − ).
By assumption − 2 ≥ 1 and T ≥ 2, so (T − 1) ≥ 1. It follows that the degree shift is at least 2 if < n + 1. If = n + 1, then the above estimates can be done better. Indeed, in that case we have µ(Σ T ) − 1 2 dim(Σ T /S 1 ) = (n + 1 − 2)T − (n + 1) + 2 ≥ n − 1, so the claim holds also in this case if n ≥ 3. In case, n = 2, just looking at degree shifts will not suffice. Instead, apply Lemma 3.1, which identifies V ε (2, 2, 2) with T * S 2 , and use the non-trivial fact that SH(T * S 2 ) = 0. The statement about orderability follows from [AM, Corollary 1.5] . This states that the symplectic homology of a Liouville domain with non-orderable contact type boundary (Σ, ξ) vanishes.
Remark 6.4. A little more careful analysis yields more precise information about symplectic homology even without having to compute any differentials. For example, if the degree shifts are sufficiently large in absolute value, which happens if the exponents are all large, then the MorseBott spectral sequence will degenerate already at the E 1 -page.
We also want to point out another way to detect non-vanishing of symplectic homology, namely 6.1. Open problems. We conclude this survey with a list of problems related to Brieskorn manifolds. We have seen that Brieskorn manifolds and connected sums of them always have a rational mean Euler characteristic. This leads us to.
Question 6.6. Are there contact manifolds for which the mean Euler characteristic is an irrational number?
Question 6.7 (AIM workshop). Are Σ(2k, 2, 2, 2) and Σ(2 , 2, 2, 2) non-contactomorphic for k = ? Does the additional algebraic structure on contact homology distinguish the Σ(2k, 2, 2, 2)'s?
A related question is the following.
Question 6.8 (AIM workshop). Is there an exact symplectic cobordism from Σ(2k, 2, 2, 2) at the concave end to Σ(2 , 2, 2, 2) at the convex end for k > ?
Here are some questions involving classical invariants.
Question 6.9. Are there infinitely many non-isomorphic contact structures on S 2n−1 with the same classical invariants as the standard structure? For S 5 , S 9 and so on, this question was answered affirmatively by Ustilovsky, [U1] . The Brieskorn manifolds Σ(k, 2, . . . , 2) with k mod 8 = ±1 provide such contact structures. The condition on k is necessary to get the standard smooth structure on a sphere, see Theorem 3.13. Since there are only finitely many homotopy classes of almost contact structures, one can imagine that things will work out. This is indeed the case according to Formula (5.11). However, there are infinitely many homotopy classes of almost contact structures in dimension 7, 11, and it seems to be difficult to reproduce the trivial homotopy class.
Another question related to Brieskorn manifolds concerns non-fillable contact manifolds. We have seen that Σ(2, . . . , 2, k) ∼ = OB(T * S n−1 , τ k ), where τ is a right-handed Dehn twists along the zero section.
Question 6.10. What are the classical invariants of the contact manifolds OB(T * S n−1 , τ −k ).
It might be interesting to note here that in dimension 3 the contact open book OB(T * S 1 , τ ) is contactomorphic to the standard sphere, whose formal homotopy class of almost contact structures is trivial. On the other hand, the contact open book OB(T * S 1 , τ −1 ) is an overtwisted sphere with a non-trivial homotopy class of almost contact structures. 7. Appendix: the +-part of equivariant symplectic homology of A k -singularities
The argument from Section 5.5 applies to all simple singularities. In fact, the A k , E 6 and E 8 -singularities are of Brieskorn type. For future reference, we include the formulas for the A ksingularities.
The A k -singularity in dimension 2n is the Brieskorn singularity V 0 (k + 1, 2, . . . , 2), where the number of 2's is equal to n. If n is at least 4, the orientation bundle L will be automatically trivial, and the argument from Section 5.5 can be used directly. In the case n = 2, 3 the orientation bundle L is not trivial for an obvious reason, but it is easy to make an explicit perturbation and obtain only finitely many periodic Reeb orbits following the argument at the end of Section 5.6. Then apply Remark 5.10.
Let us briefly give some more detailed arguments for dimension 3/4.
Lemma 7.1. Brieskorn manifold Σ(k, 2, 2) with its natural contact structure is contactomorphic to the lens space (L(k, k − 1), α 0 ).
Here L(k, k − 1) = S 3 /(z 1 , z 2 ) ∼ (e 2πi/k z 1 , e −2πi/k z 2 ), and α 0 is the standard contact form on S 3 , which is invariant under this action. Since SH S 1 ,+ is a symplectic deformation invariant, we can take other Hamiltonians, for example corresponding to the contact form α a1,a2 coming from (5.5), which is also invariant under the action defining the lens space. If a 1 and a 2 are rationally independent, then (L(k, k − 1), α a1,a2 ) has two periodic Reeb orbits, which are both non-degenerate, namely the orbits [γ 1 (t)] k and [γ 1 (t)] k , where [·] k denotes the equivalence class in L(k, k − 1). These orbits were defined at the end of Section 5.6. Following the computation from that section, we find the Conley-Zehnder indices for the N -fold covers
and a similar formula for [γ 2,N ] k . By choosing a 2 to be much larger than a 1 , we see that all generators in the Morse-Bott spectral sequence with small index correspond to covers of [γ 1 ] k . Furthermore, the index of covers of [γ 1 ] k forms a sequence of the form of k − 1 copies of 1, followed by a degree jump, then k copies of 3's, a degree jump, and so on. The symplectic invariance implies independence of a 1 and a 2 , so we find The result in dimension 5/6 was already described in Section 5.5. We now list the results for V ε (k, 2, . . . , 2) in dimension 2n with n ≥ 3. We will write N for a natural number, and k ∈ Z ≥2 . For n odd we have the equivariant symplectic homology groups , which reveals the relationship between the mean Euler characteristic of these prequantization orbibundles, the above Brieskorn manifolds Σ(a), and the orbifold Euler characteristic and orbifold Chern class of the quotient Σ(a)/S 1 . This relation is also described in [CDvK] .
